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The steady thermophoretic motion of a spherical particle in a gaseous medium lo-
cated in an arbitrary position between two infinite parallel-plane walls is studied theoret-
ically in the absence of fluid inertia and thermal convection. The Knudsen number is
assumed small to describe the fluid flow by a continuum model with a temperature
Jjump, thermal slip, and frictional slip at the particle surface. The imposed temperature
gradient is constant and parallel to the two plane walls, which may be insulated or
prescribed with the far-field temperature distribution. The presence of neighboring walls
causes two basic effects on the particle velocity: the local temperature gradient on the
particle surface is enhanced or reduced by the walls, to speed up or slow down the
particle; the walls increase viscous retardation of the moving particle. A boundary
collocation method is used to solve the thermal and hydrodynamic governing equations
of the system. Numerical results for the thermophoretic velocity of the particle relative
to that under identical conditions in an unbounded gaseous medium are presented for
various relative thermal conductivity and surface properties of the particle, as well as
relative separation distances between the particle and two plates. For thermophoretic
motions of a spherical particle parallel to a single plate and on the central plane of a
slit, the collocation results agree well with the approximate analytical solutions obtained
by a method of reflections. The presence of lateral walls can reduce or enhance the
particle velocity, depending on the relative thermal conductivity and surface properties of
the particle, the relative particle-wall separation distances, and the thermal boundary
condition at the walls. In general, the boundary effect on thermophoresis is compli-
cated and weaker than that on sedimentation.

Thermophoresis refers to the motion of aerosol particles
in response to a temperature gradient. This phenomenon
was first described in 1870 by Tyndall, who observed a dust-
free zone in a dusty gas around a hot body (Waldmann and
Schmitt, 1966; Bakanov, 1991). Being a mechanism for the
capture of aerosol particles on cold surfaces, thermophoresis
is of considerable importance in many practical applications.
For example, thermophoresis can be effective in removing or
collecting small particles from laminar gas streams in air-
cleaning and aerosol-sampling devices (Batchelor and Shen,
1985; Sasse et al., 1994). The phenomenon has also been
cited as an origin for the deposition of particulate matter on
surfaces of heat exchangers, causing scale formation with the
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attendant reduction of the heat-transfer coefficient (Fried-
lander, 1977; Montassier et al., 1991). Convincing evidence
has been provided that, in the modified chemical-vapor de-
position process for the manufacture of high-quality optical
fibers, thermophoresis is the primary mechanism responsible
for the deposition of aerosol particles (soot) onto the inner
walls of the containing tube (Simpkins et al., 1979; Weinberg,
1982; Morse et al., 1985). On the other hand, deposition of
contaminant particles by thermophoresis on wafers in clean
rooms during manufacturing steps can be a major cause of
loss of product yields in the microelectronics industry (Ye et
al., 1991). In the area of nuclear safety, knowledge of ther-
mophoresis is required to calculate the deposition rates of
radioactive aerosol particles released in reactor accident situ-
ations where large temperature gradients exist (Williams,
1986; Williams and Loyalka, 1991).
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The thermophoretic effect can be explained in part by ap-
pealing to the kinetic theory of gases (Kennard, 1938). The
higher energy molecules in the hot region of the gas impinge
on the particles with greater momenta than molecules com-
ing from the cold region, thus leading to the migration of the
particles in the direction opposite to the temperature gradi-
ent. It is convenient to express the thermophoretic velocity
of an isolated particle in a constant-temperature gradient,
VT, as

U,= — AVT, (1)

where the negative sign indicates that the motion is in the
direction of decreasing temperature. The thermophoretic
mobility, 4, depends on the magnitude of the Knudsen num-
ber, [/a, where [ is the mean free path of the gas molecules
and a is the radius of the particle.

In the free molecule regime (I//a > 1), the velocity distribu-
tion of the incoming gas molecules may be taken to be unin-
fluenced by the small particle and given by the Maxwell or
Chapman—Enskog distributions (Waldmann and Schmitt,
1966; Whitmore, 1981). Under this assumption, the ther-
mophoretic mobility was found to be

3n

4 4(1+7B,/8) pT, @
where 7 is the fluid viscosity, p, is the fluid density, and T,
is the bulk gas absolute temperature at the particle center in
the absence of the particle (or the mean gas temperature in
the vicinity of the particle). The theory adopts the usual as-
sumption that a fraction B, of the gas molecules colliding
with the particle is reflected diffusely (thermally) with a
Maxwellian distribution and the remaining fraction (1— g,) is
reflected specularly. The value of the coefficient of diffuse
reflection ( B,) is usually about 0.9 (Friedlander, 1977). Note
that p,T;, is constant for an ideal gas at constant pressure
and the thermophoretic mobility for the “small particle”
regime is independent of particle size.

In the “large particle” regime (l/a < 1), the fluid flow may
be described by a continuum model and the thermophoretic
force arises from an induced thermal slip along the particle
surface due to the existence of a tangential temperature gra-
dient at the particle—fluid interface. On the basis of the as-
sumptions of small thermal Peclet number and small Reynolds
number as well as the effects of temperature jump, thermal
slip, and frictional slip at the particle surface, Brock (1962)
obtained the thermophoretic mobility of an aerosol sphere as

e 2C,(k + k,C,l/a) n
(1+2C,,l/a)(2k + ky +2kC l/a) | p;T,

€)

In Eq. 3, £ and k,; are the thermal conductivities of the gas
and of the particle, respectively; C;, C,, and C,, are dimen-
sionless coefficients accounting for the thermal slip, tempera-
ture jump, and frictional slip phenomena, respectively, at the
particle surface and must be determined experimentally for
each gas—solid system. A set of reasonable kinetic-theory
values for perfect energy and momentum accommodations
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appear to be C,=1.17, C,=2.18, and C,,=1.14 (Talbot et
al., 1980). It has been shown that Egs. 1 and 3 with no parti-
cle rotation holds even if VT, varies appreciably over length
scales comparable to the particle radius, with VT, evaluated
at the position of the particle center (Keh and Chen, 1995).

Recently, the thermophoretic force on single aerosol
spheres was measured over a wide range of Knudsen num-
bers and particle thermal conductivities (Li and Davis, 1995).
It was found that the data in the transition regime [//a = O(1)]
overlap Loyalka’s (1992) solution of the linearized Boltzmann
equation for hard-sphere molecules, and the data in the slip
regime agree with Brock’s results of Eq. 3.

In practical applications of thermophoresis, aerosol parti-
cles usually are not isolated and will move in the presence of
neighboring particles and/or boundaries. Through the use of
a boundary collocation technique, the quasi-steady ther-
mophoretic motion of an aerosol sphere in the direction per-
pendicular to a plane wall was semianalytically examined
(Chen and Keh, 1995). Numerical results of correction to
Eq. 3 for the particle were presented for various cases. Later,
analytical solutions for the thermophoretic mobility of a
sphere near a plane wall in asymptotic forms were obtained
by using a method of reflections (Chen, 2000). On the other
hand, the quasi-steady thermophoresis of an aerosol sphere
in a spherical cavity has been investigated (Keh and Chang,
1998; Lu and Lee, 2001). An analytical expression for the
wall-corrected velocity of the particle located at the center of
the cavity was derived in a closed form.

The purpose of this article is to obtain exact numerical so-
Iutions and approximate analytical solutions for the ther-
mophoretic motions of a spherical particle parallel to a single
plane wall and to two plane walls at an arbitrary position
between them. The plane walls may be either insulated or
prescribed with the linear far-field temperature distribution.
The effects of fluid inertia as well as thermal convection are
neglected. For the case of a particle with a relatively low
thermal conductivity undergoing thermophoresis near insu-
lated plane walls or of a particle with a relatively high con-
ductivity undergoing thermophoresis near plane walls pre-
scribed with the far-field temperature distribution, the heat
conduction around the particle will generate larger tempera-
ture gradients on the particle surface relative to those in
an infinite medium. These gradients enhance the ther-
mophoretic velocity, although their action will be retarded by
the viscous interaction of the migrating particle with the walls.
Both effects of this thermal enhancement and the hydrody-
namic retardation increase as the ratios of the radius of the
particle to its distances from the walls increase. Determining
which effect is overriding at small particle-wall gap widths is
a main target of this study.

Analysis

We consider the steady thermophoresis of a rigid spherical
particle of radius a in a gaseous medium parallel to two infi-
nite plane walls whose distances from the center of the parti-
cle are b and ¢, as shown in Figure 1. Here (x,y,2), (p,¢,2),
and (r,0,¢) denote the rectangular, circular cylindrical, and
spherical coordinate systems, respectively, and the origin of
coordinates is chosen at the particle center. A linear temper-
ature field T,(x) with a uniform thermal gradient — E_e (=
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Figure 1. Geometrical sketch for the thermophoresis of
a spherical particle parallel to two plane walls
at an arbitrary position between them.

VT, where E, is taken to be positive) is imposed in the sur-
rounding fluid far away from the particle, where x is the po-
sition vector and e, together with e, and e, are the unit vec-
tors in rectangular coordinates. It is assumed that the Knud-
sen number //a is small, so that the fluid flow is in the con-
tinuum regime and the Knudsen layer at the particle surface
is thin in comparison with the radius of the particle and the
spacing between the particle and each wall. The objective is
to determine the correction to Eq. 3 for the particle mobility
due to the presence of the plane walls.

Before determining the thermophoretic velocity of the par-
ticle, the velocity field in the fluid phase needs to be found.
Because the boundary condition of the velocity field is cou-
pled with the temperature gradient at the particle surface, it
is necessary to determine the temperature distribution first.

Temperature distribution

The thermal Peclet number of the steady system is as-
sumed to be small. Hence, the equation of energy governing
the temperature distribution 7'(x) for the fluid phase of con-
stant thermal conductivity k is the Laplace equation

VT=0 (r=a) (4a)
For the temperature field T)(x) inside the particle, one has
V2T,=0 (r<a) (4b)

The boundary conditions at the particle surface require that
the normal component of heat flux be continuous and a tem-
perature jump that is proportional to the normal tempera-
ture gradient (Kennard, 1938) occur. Thus

oT  oT,
r=a ar Y ar (52)
oT 5b
T—T,=Cl— (5b)

ar
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where k, is the thermal conductivity of the particle, and C, is
the temperature jump coefficient about the surface of the
particle; both are assumed to be constant.

The temperature far away from the particle approaches the
undisturbed values. We can write

JT
z=c,—b: —=0 (6)
Jz 7
p —o: T-T,=T,- E.x (

Note that the boundary conditions given by Eq. 6 apply for
the case of two insulated plane walls. For the case of ther-
mophoretic motion of a particle parallel to two plane walls
prescribed with a linear temperature profile consistent with
the far-field distribution, Eq. 6 should be replaced by
z=c,—b: T=T,—E,x (8)
Since the governing equation and boundary conditions are
linear, one can express the external temperature distribution,

T, which is symmetric with respect to y and antisymmetric
with respect to x, as the superposition

T=T,+T, 9)

Here, T,, is a double Fourier integral solution of Eq. 4a in
rectangular coordinates that represents the disturbance pro-
duced by the plane walls plus the undisturbed temperature
field, and is given by

w

T, =TO—Exx—Emfowfow(Xe”+Ye’“)sin(ax)
xcos( By)dadB (10)

where X and Y are unknown functions of separation vari-
ables « and B, and k =(a?+ B2)Y2. The second term on
the righthand side of Eq. 9, T, is a solution of Eq. 4a in
spherical coordinates representing the disturbance generated
by the particle, and is given by an infinite series in harmonics,

=)

T,=—E. Y R, " 'P)(u)cosd (11)

n=1

where P is the associated Legendre function of the order n
and degree one, u is used to denote cos6 for brevity, and R,
are unknown constants. Note that a solution for T of the
form given by Egs. 9-11 immediately satisfies the boundary
condition at infinity in Eq. 7. Since the temperature is finite
for any position in the interior of the particle, the solution to
Eq. 4b can be written as

T,=T,— E. Y R,r"P!(n)coso (12)

n=1
where R,, are unknown constants.
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Substituting the temperature distribution 7' given by Eqgs.
9-11 into the boundary conditions in Eq. 6 or 8, and applying
the Fourier sine and cosine transforms on the variables x
and y, respectively, lead to a solution for the functions X
and Y in terms of the coefficients R,. After the substitution
of this solution into Eq. 10 and utilization of the integral rep-
resentations of the modified Bessel functions of the second
kind, the temperature distribution, 7, can be expressed as

T=Ty—E.x—E, Y, R,5V(r,u)cosd (13)

n=1

where the function 8"(r,u) is defined by Eq. Bl in Ap-
pendix B.

Applying the boundary conditions given by Eq. 5 to Egs. 12
and 13 yields

©

Y [R,8%(a.p)— R k*na" P} w)] = = (1- w?)"”

n=1
(14a)

©

Y {R,[8"(a.pn)— aCi6P(a,n)| — R,a"P}( )}

n=1
=—a(1-Cr)(1- )" (14b)

where k* =k, /k, C* = C,l/a, and the definition of the func-
tion 8@ (r,u) is given by Eq. B2. Note that the dependence
on ¢ factors out in Eq. 14 and the definite integrals in 8
and §® must be performed numerically.

To satisfy the condition in Eq. 14 exactly along the entire
surface of the particle would require the solution of the en-
tire infinite array of unknown constants, R, and R,. How-
ever, the collocation method (O’Brien, 1968; Ganatos et al.,
1980; Chen and Keh, 1995) enforces the boundary conditions
at a finite number of discrete points on the half-circular gen-
erating arc of the sphere (from 6 =0 to § = 7) and truncates
the infinite series in Eqgs. 12 and 13 into finite ones. If the
spherical boundary is approximated by satisfying the condi-
tions of Eq. 5 at M discrete points on its generating arc, the
infinite series in Eqs. 12 and 13 are truncated after M terms,
resulting in a system of 2M simultaneous linear algebraic
equations in the truncated form of Eq. 14. This matrix equa-
tion can be numerically solved to yield the 2M unknown con-
stants R, and R, required in the truncated form of Egs. 12
and 13 for the temperature distribution. The accuracy of the
boundary—collocation/truncation technique can be improved
to any degree by taking a sufficiently large value of M. Natu-
rally, as M — o, the truncation error vanishes and the overall
accuracy of the solution depends only on the numerical inte-
gration required in evaluating the matrix elements.

Fluid velocity distribution

With knowledge of the solution for the temperature distri-
bution on the particle surface, which drives the ther-
mophoretic migration, we can now proceed to find the flow
field. The fluid is assumed to be incompressible and Newto-
nian. Owing to the low Reynolds number, the fluid motion
caused by the thermophoresis of the particle is governed by

2286

September 2003 Vol. 49, No. 9

the Stokes equations

nVir—Vp=0 (152)

Vov=0 (15b)
where v(x) is the velocity field for the fluid flow and p(x) is
the dynamic pressure distribution.

The boundary conditions for the fluid velocity at the parti-
cle surface (Brock, 1962), on the plane walls, and far re-
moved from the particle are

C,l
v=U+aQ Xe,+——(I—e,e)e. T
n

r=a
+C—L(I-e,e,)-VT (16)

Spr[j rer
z=c,—b: v=0 17)
p %o v=0 (18)

Here, 7 =7[Vv +(Vr)T] is the viscous stress tensor for the
fluid; e,, together with e, and e,, are the unit vectors in
spherical coordinates; I is the unit dyadic; C,, and C, are the
frictional and thermal slip coefficients, respectively, about the
surface of the particle; and U=Ue, and Q = Qe, are the
translational and angular velocities of the particle undergoing
thermophoresis to be determined. For the asymmetric prob-
lem as b # c, the assumption that the sphere would migrate
in a direction parallel to the temperature gradient is justified
in the absence of inertia. Note that the possible thermoos-
motic flow caused by the plane walls is ignored.

A fundamental solution to Eq. 15, which satisfies Eqgs. 17
and 18, can be constructed by the procedure used in the pre-
vious subsection for the solution of the temperature field and
expressed as

v=ue, +ue, +ue, (19)

where

ve= 2 [A4,(A,+ )+ B,(B,+ B,)+ C,(C,+ )]

n=1

(20a)

v,= Y [A(4,+ a;)+ B,(B,+ B)+C,(Cr+ )]

n=1

(20b)

v,= 2 [A, (A} + &)+ B,(B) + B+ C(C + )]

n=1

(20c)

Here, the primed 4,, B,, C,, a,, B,, and v, are functions of
the position involving associated Legendre functions of u or
cos defined by Eq. 2.6 and in the form of integration (which
must be performed numerically) defined by Eq. C1 of Ganatos
et al. (1980), and A,, B,, and C, are unknown constants.

n’
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The boundary condition that remains to be satisfied is that
on the particle surface. Substituting Eqgs. 13 and 19 into Eq.
16, one obtains

Z [AnAt(‘I’M’d)) + Ban(a,,lL,d)) + CnC;k(a,,u,,d))]

n=1

=U(1- ;Lz)mcosd> (21a)

n=1

©

J
-Cn X {(rz—l)[AnAﬁ*(r,M, ¢)+ B, B (r, )

n=1

P
+C,CH (r, i, d)]—(1- Mz)ma[z‘ln/l’li(huﬁ)

+ B, B} (r,u,¢)+ C,Ci(r,m,$)]},_,=Uncose + allcos
Nk,

— Cs
Ty

1 o0
w+— Y R,8%(a,n)|cosp (21b)
a

n=1

Z [AnAﬁ**(éhM’d))—*— BHB:**(Q,/J,,(P)‘{' Cnc;tk**(a’“”d))]

n=1

“ J
- c;;;[ Y {(r; - 1)[AnAj**(r,M,¢) + B, B (r,u,¢)

n=1

_ J
HCC )]+ (1= w1) o[ A, A5 (s 8)

+ B, B (r,1,0) + C,C(r,m,9)|},_, = — Usin
nE,

="

Prlo

—aQusing + C,

1 o0
+— ) R,5"(a,p)
a

n=1

sing (21c)

where C* =C, l/a; the function §*(r,u) is defined by Eq.
B3; and the definitions of the starred A4, B,, and C, func-
tions are given by Eq. B6. The first 2M coefficients R, and
R, have been determined through the procedure given in the
previous subsection.

Careful examination of Eq. 21 shows that the solution of
the coefficient matrix generated is independent of the ¢ co-
ordinate of the boundary points on the surface of the sphere
r=a. Thus, these relations can be satisfied by utilizing the
collocation technique presented for the solution of the tem-
perature field. At the particle surface, Eq. 21 is applied at N
discrete points (values of 6 between 0 and ) and the infi-
nite series in Eq. 20 are truncated after N terms. This gener-
ates a set of 3N linear algebraic equations for the 3N un-
known coefficients A4, B,, and C,. The fluid velocity field is
completely obtained once these coefficients are solved for a
sufficiently large value of N.

Derivation of the particle velocities

The drag force and torque exerted by the fluid on the
spherical particle can be determined from (Ganatos et al.,
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1980)
F =—-8mnAe,
T=-8mnCe,

(22a)
(22b)

These expressions show that only the lowest-order coeffi-
cients A, and C; contribute to the hydrodynamic force and
couple acting on the particle.

Because the particle is freely suspended in the surrounding
fluid, the net force and torque exerted on the particle must
vanish. Applying this constraint to Eq. 22, one has

A,=C,=0 (23)

To determine the translational and angular velocities U and
Q of the particle, Eq. 23 and the 3N algebraic equations re-
sulting from Eq. 21 are to be solved simultaneously. Note
that, similar to the thermophoretic velocity of an isolated
sphere given by Eqs. 1 and 3, both values of U and Q are
proportional to the quantity C;nE./p;T, and dependent on
the dimensionless parameters k*, C*, and C: (in addition to
the length ratios among a, b, and c).

Results and Discussion

The solution for the thermophoretic motion of a spherical
particle parallel to two plane walls at an arbitrary position
between them, obtained by using the boundary collocation
method described in the previous section, is presented in this
section. The system of linear algebraic equations to be solved
for the coefficients R, and R, is constructed from Eq. 14,
while that for 4,,, B,,, and C,, is composed of Eq. 21. All the
numerical integrations to evaluate the primed «,, B,, and v,
as well as 8¢ functions were done by the 80-point
Gauss—Laguerre quadrature.

When specifying the points along the semicircular generat-
ing arc of the sphere (with a constant value of ¢), where the
boundary conditions are to be exactly satisfied, the first points
that should be chosen are # =0 and 7, since these points
define the projected area of the particle normal to the direc-
tion of motion and control the gaps between the particle and
the neighboring plates. In addition, the point 6 = /2 is also
important. However, an examination of the systems of linear
algebraic equations in Eqs. 14 and 21 shows that the matrix
equations become singular if these points are used. To over-
come this difficulty, these points are replaced by closely adja-
cent points, that is, 6 =96, w/2—6, w/2+ 6, and m—
(Ganatos et al., 1980). Additional points along the boundary
are selected as mirror-image pairs about the plane 6 = 7/2 to
divide the two quarter-circular arcs of the particle into equal
segments. The optimum value of & in this work is found to
be 0.1°, with which the numerical results of the particle veloc-
ities converge satisfactorily. In selecting the boundary points,
any value of ¢ can be used, except for ¢ =0, 7/2, and ,
since the coefficient matrix in Eq. 21 is singular for these
values.

For the continuum-with-slippage approach employed in this
work, the Knudsen number (//a) of the system should be
smaller than about 0.1. As mentioned in the first section, a
set of well-adapted values for the temperature jump and fric-
tional slip coefficients under the condition of complete ther-
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mal and momentum accommodations are 2.18 and 1.14, re-
spectively. Consequently, the normalized coefficients C;* and
C’% must be restricted to be less than unity. For convenience
we will use the ratio C;//C}; =2 (a rounded value to
2.18/1.14 = 1.91) throughout this section, without the loss of
reality or generality. On the other hand, the thermal conduc-
tivity of an aerosol particle is usually greater than that of the
surrounding gas. Thus, the value of the relative conductivity,
k*, will exceed unity under most practical circumstances.

Motion parallel to a single plane wall

The collocation solutions for the translational and rota-
tional velocities of a spherical particle with C* = C* =0 un-
dergoing thermophoresis parallel to a plane wall (that is, with
¢ — ) for different values of the parameters k* and a/b are
presented in Tables 1 and 2 for the cases of an insulated wall
and a wall with the imposed far-field temperature gradient,
respectively. The velocity for the thermophoretic motion of
an identical particle in an infinite fluid, U, = AE,, given by
Egs. 1 and 3, is used to normalize the boundary-corrected
values. Thus, the normalized particle velocities are indepen-
dent of the values of Cy, E,, m, and p;T,. The limiting case
of k* =0, which is not likely to exist in practice, is consid-
ered here for the sake of numerical comparison. All of the
results obtained under the collocation scheme converge satis-
factorily to at least the significant figures shown in the tables.
The accuracy and convergence behavior of the truncation
technique is principally a function of the ratio a/b. For the
most difficult case with a/b = 0.999, the numbers of colloca-
tion points M =36 and N =36 are sufficiently large to
achieve this convergence.

In Appendix A, an approximate analytical solution for the
same thermophoretic motion as that considered here is also

Table 1. Normalized Translational and Rotational Velocities
of a Spherical Particle Undergoing Thermophoresis Parallel
to a Single Insulated Plane Wall with C;* = C} = 0*

U/, —aQ/U,
Exact Asymptotic Exact Asymptotic
a/b Solution Solution Solution Solution
k*=0
0.2 0.99953 0.99953 0.00030 0.00030
0.4 0.99684 0.99678 0.00492 0.00493
0.6 0.99172 0.99057 0.02669 0.02660
0.8 0.98853 0.97722 0.10164 0.09400
0.9 0.99789 0.96390 0.20389 0.16225
0.95 1.0223 0.95412 0.3189 0.21001
0.99 1.1450 0.94422 0.6162 0.25657
0.995 1.231 0.759
0.999 1.440 1.063
k* =10

0.2 0.99828 0.99828 0.00030 0.00030
0.4 0.98640 0.98636 0.00498 0.00500
0.6 0.95251 0.95202 0.02759 0.02776
0.8 0.86845 0.87022 0.10766 0.10275
0.9 0.77441 0.79527 0.21183 0.18221
0.95 0.6864 0.74447 0.3119 0.23914
0.99 0.5324 0.69568 0.4778 0.29545
0.995 0.492 0.520
0.999 0.449 0.559

*Computed from the Exact Boundary—Collocation Solution and the
Asymptotic Method-of-Reflection Solution
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Table 2. Normalized Translational and Rotational Velocities

of a Spherical Particle Undergoing Thermophoresis Parallel

to a Single Plane Wall Prescribed with the Far-Field Temper-
ature Profile with C;* = C}; = 0*

u/u, —aQ/U,
Exact Asymptotic Exact Asymptotic
a/b Solution Solution Solution Solution
k*=0
0.2 0.99853 0.99853 0.00030 0.00030
0.4 0.98840 0.98837 0.00498 0.00500
0.6 0.95922 0.95883 0.02767 0.02774
0.8 0.88358 0.88659 0.10880 0.10261
0.9 0.79405 0.81880 0.21593 0.18187
0.95 0.7070 0.77229 0.3200 0.23865
0.99 0.5509 0.72732 0.4940 0.29480
0.995 0.510 0.538
0.999 0.465 0.580
k* =10

0.2 0.99978 0.99978 0.00030 0.00030
0.4 0.99888 0.99883 0.00492 0.00493
0.6 0.99907 0.99784 0.02676 0.02658
0.8 1.00890 0.99614 0.10276 0.09386
0.9 1.03209 0.99261 0.20872 0.16192
0.95 1.0678 0.98912 0.3312 0.20952
0.99 1.1836 0.98506 0.6613 0.25592
0.995 1.247 0.817
0.999 1.391 1.105

*Computed from the Exact Boundary—Collocation Solution and the
Asymptotic Method-of-Reflection Solution

obtained by using a method of reflections. The translational
and angular velocities of a spherical particle near a lateral
plate is given by Egs. Alla and Al1b, which are power-series
expansions in A (=a/b). The values of the wall-corrected
normalized particle velocities calculated from this asymptotic
solution, with the O(A%) term neglected, are also listed in
Tables 1 and 2 for comparison. It can be seen that the
asymptotic formula of Eq. Alla from the method of reflec-
tions for U/U, agrees very well with the exact results as long
as A<0.8; the errors in all cases are less than 1.3%. How-
ever, the accuracy of Egs. Alla and Allb [especially of Eq.
Al1b for aQ/U,, in which the leading term is O(A*)], deteri-
orates rapidly, as expected, when the relative spacing be-
tween the particle and the plane wall becomes small.

The exact numerical solutions for the normalized velocities
U/U, and aQ/U, of a spherical particle with C;* = 2C% = 0.02
undergoing thermophoresis parallel to a plane wall as func-
tions of a/b are depicted in Figure 2 for various values of k*.
It is evident that the wall-corrected normalized thermo-
phoretic mobility U/U,, of the particle decreases with an in-
crease in k* for the case of an insulated wall (the boundary
condition Eq. 6 is used), but increases with an increase in k*
for the case of a plane wall prescribed with the far-field tem-
perature distribution (the boundary condition Eq. 8 is used),
keeping the other factors (C;*, C¥*, and a/b) unchanged. This
decrease and increase in the particle mobility becomes more
pronounced as a/b increases. This behavior is expected,
knowing that the temperature gradients on the particle sur-
face near an insulated wall decrease as the relative conduc-
tivity k* increases and these gradients near a wall with the
imposed far-field temperature gradient increase as k* in-
creases (see the analysis in Appendix A). When k* =(1—
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Figure 2. Normalized velocities of a spherical particle
with C§ = 2C}; = 0.02 undergoing ther-
mophoresis parallel to a plane wall vs. sepa-
ration parameter a/b for values of k*.

(a) Translational velocity U/U,; (b) rotational velocity aQ/U,,.
The solid curves represent the case of an insulated wall, and
the dashed curves denote the case of a wall on which the
far-field temperature gradient is imposed.

C#)~!, the two types of plane wall will result in the same
effects on the thermophoretic motion of the particle. In this
particular case, the effect of thermal interaction between the
particle and the wall disappears, and the relative ther-
mophoretic mobility of the particle decreases monotonically
with a/b solely owing to the hydrodynamic resistance exerted
by the presence of the wall.

AIChE Journal

Examination of the results shown in Tables 1 and 2 and
Figure 2a reveals an interesting feature when the particle has
small values of C;* and C¥. For the case that the wall is an
insulated plane under the situation of small k* (such as with
k* = 0), the thermophoretic mobility of the particle decreases
with an increase in a/b, as a/b is small, but increases from a
minimum with increasing a/b, as a/b is sufficiently large.
When the gap between the particle and the wall turns thin,
the particle can even move faster than it would at a/b = 0.
For example, as C; =C% =0, k* =0, and a/b=0.999, the
thermophoretic velocity can be as much as 45% higher than
the value with the wall that is far away from the particle.
Under the situations of relatively large k*, the ther-
mophoretic mobility of the particle near the insulated wall is
a monotonically decreasing function of a/b. For the case
that a linear temperature profile is prescribed on the plane
wall, which is consistent with the far-field distribution under
the situation of large k™ (such as with &* =10), the ther-
mophoretic mobility of the particle first goes through a mini-
mum with the increase of a/b from a/b=0 and then in-
creases monotonically. Again, the value of U/U, can be
greater than unity when a/b — 1. Under the situation of rela-
tively small k*, the thermophoretic mobility of the particle
near the wall prescribed with the far-field temperature distri-
bution becomes a monotonically decreasing function of a/b.
This interesting feature that U/U, may not be a monotonic
function of a/b and can even be greater than unity is under-
standable, because the wall effect of hydrodynamic resistance
on the particle is in competition with the wall effect of ther-
mal enhancement when a particle with small &* is undergo-
ing thermophoretic motion parallel to an insulated plate or
when a particle with large k* is moving near a lateral plate
with the imposed far-field temperature gradient. A careful
examination of the asymptotic formula for U/U,, given by Eq.
Alla shows the good agreement of the numerical outcome in
Figure 2a with the analytical solution.

The results in Tables 1 and 2 and Figure 2b indicate that
the spherical particle undergoing thermophoresis parallel to
a plane wall rotates in the direction opposite to that for a
sphere migrating in the same direction but under a
body—force field (such as a gravitational field (O’Neill, 1964)).
The explanation for this behavior is analogous to the case of
electrophoresis of a charged sphere with a thin electric dou-
ble layer parallel to a nonconducting plate (Keh and Chen,
1988). For any specified values of C*, C, and k*, the mag-
nitude of the normalized rotational velocity of the ther-
mophoretic sphere near a given plane wall is a monotonically
increasing function of a/b. For a fixed value of a/b not close
to unity, the magnitude of a{}/Uj is not a sensitive function
of k*. On the other hand, for a given value of a/b close to
unity, the magnitude of aQ)/U, decreases with an increase in
k* for the thermophoresis of a particle with constant values
of C* and C} parallel to an insulated plate, but increases
with an increase in k* for the migration parallel to a wall
prescribed with the far-field temperature profile.

Figures 3a and 3b show the effect of a variation in C}*
(=2C%, proportional to the Knudsen number, //a) on the
wall-corrected normalized particle velocities, U/U, and
aQ/U,, respectively, for the case of k* =100. It can be seen
that there exist extreme points along the curves for both ve-
locities. For the case of an insulated plane wall, U/U, in-
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Figure 3. Normalized velocities of a spherical particle
with C; = 2C}, and k* = 100 undergoing ther-
mophoresis parallel to a plane wall vs. nor-
malized frictional slip coefficient for values of
the separation parameter a/b.

(a) Translational velocity U/U,; (b) rotational velocity a Q/U,,.
The solid curves represent the case of an insulated wall, and
the dashed curves denote the case of a wall on which the
far-field temperature gradient is imposed.

creases with an increase in C, but decreases with the ac-
companying increase in C¥, and the competition between
these two opposite effects results in a minimum of U/U,. On
the other hand, for the case of a plane wall prescribed with a
linear temperature profile consistent with the far-field distri-
bution, U/U, drops with an increase in C;*, but grows with
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the simultaneous increase in C}%, and the net effect leads to a
maximum (whose value can be much greater than unity, since
k* is large in the present case). In general, these extreme
points occur in the vicinity of C}; = 0.01.

The effect of varying the relative thermal conductivity k*
on the wall-corrected normalized particle velocities U/U,, and
aQ/U, is illustrated in Figures 4a and 4b, respectively, for
the case of C;* =2C =0.2. As expected, the curves for U/U,
vs. k* show a monotonically decreasing tendency for the case
of an insulated plane wall and a monotonically increasing
trend for the case of a plane wall imposed with the far-field
temperature profile. However, the value of U/U, may no
longer be greater than unity in this case (with relatively large
values of C and C¥). Again, the value of aQ/U, is not a
sensitive function of k* for most values of a/b.

For the creeping motion of a free-rotating spherical aerosol
particle with a frictional (but isothermal) slip surface on which
a constant body force Fe, (such as a gravitational field) is
exerted parallel to an infinite plane wall, the exact result of
the particle velocity has recently been developed by using the
boundary-collocation technique (Chen and Keh, 2003). A
comparison of the boundary effects on the motion of the
aerosol sphere under gravity (in which U, =(F/6mna)1+
3C*)/142C})) and on the thermophoresis is given in Fig-
ure 5. Obviously, the wall effect on thermophoretic motion is
much weaker than that on a sedimenting particle. Note that
the wall effect on the particle motion in a gravitational field
is stronger when the value of C}; becomes smaller, which is
opposite to that which would occur if a particle with a rela-
tively large value of C migrates near a plane wall due to a
thermophoretic driving force.

Motion parallel to two plane walls

The converged collocation solutions for the normalized ve-
locity U/U, of a spherical particle with C* = C}% = 0 under-
going thermophoresis on the median plane between two par-
allel plane walls (with ¢ = b and Q = 0) for various values of
the parameters k* and a/b are presented in Table 3 for both
cases of insulated walls and walls prescribed with the far-field
temperature distribution. The corresponding method-of-re-
flection soultions, given by Eq. A20 in Appendix A as a power
series expansion in A( = a/b) correct to O(A7), are also listed
in this table for comparison. Similar to the case of the migra-
tion of a spherical particle parallel to a single plane wall con-
sidered in the previous subsection, the approximate analyti-
cal formula of Eq. A20 agrees very well with the exact results
as long as A < 0.6, but can have significant errors when A >
0.8. In general, Eq. A20 overestimates the thermophoretic
velocity of the particle. A comparison between Table 3 for
the case of a slit and Tables 1 and 2 for the case of a single
parallel plane indicates that the assumption that the bound-
ary effect for two walls can be obtained by simple addition of
single-wall effects leads to a smaller correction to ther-
mophoretic motion as a/b is small, but can give a greater
correction as a/b becomes large.

In Figure 6, the collocation results for the normalized ther-
mophoretic mobility U/U,, of a sphere migrating on the me-
dian plane between two parallel plane walls are plotted as
functions of a/b for two related sets of C;* and C* and sev-
eral values of k*. Analogous to the corresponding motion of
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Figure 4. Normalized velocities of a spherical particle
with Cf§ = 2C} = 0.2 undergoing thermo-
phoresis parallel to a plane wall vs. relative
thermal conductivity of the particle for values
of the separation parameter a/b.

(a) Translational velocity U/U,; (b) rotational velocity aQ/U,.
The solid curves represent the case of an insulated wall, and
the dashed curves denote the case of a wall on which the
far-field temperature gradient is imposed.

a particle parallel to a single plane wall, for specified values
of C¥, C¥, and a/b, U/U, increases with an increase in k™
for the case of walls with the imposed far-field temperature
gradient and decreases with an increase in k* for the case of

insulated walls. Again, as shown in Figure 6a with small val-
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Figure 5. Normalized thermophoretic mobility [solid
curves, with Cj =2C,, and k*=(1-C}) ]
and sedimenting mobility (dashed curves) of
a spherical particle migrating parallel to a
plane wall vs. separation parameter a/b for
different values of C};.

ues of C* and C¥, for the case of insulated walls under the
situation of small k*, or for the case of walls prescribed with
the far-field temperature distribution under the situation of
large k*, the thermophoretic mobility of the particle first goes

Table 3. Normalized Thermophoretic Velocity of a Spherical
Particle along the Median Plane between Two Parallel Plane
Walls with C;* = C} = 0*

U/,
k*=0 k* =10
Exact Asymptotic Exact Asymptotic
a/b Solution Solution Solution Solution
For insulated plane walls
0.2 0.99796 0.99796 0.99497 0.99497
0.4 0.98597 0.98617 0.96241 0.96288
0.6 0.96339 0.96661 0.88479 0.89411
0.8 0.94684 0.96326 0.74853 0.81948
0.9 0.96662 0.98325 0.64244 0.80784
0.95 1.0163 1.00270 0.5649 0.81679
0.99 1.2243 1.02412 0.4577 0.83402
0.995 1.362 0.441
0.999 1.712 0.446
For plane walls prescribed with the far-field temperature profile

0.2 0.99586 0.99587 0.99811 0.99811
0.4 0.96931 0.96975 0.98717 0.98736
0.6 0.90602 0.91448 0.96745 0.97058
0.8 0.79069 0.85485 0.95706 0.97239
0.9 0.69390 0.84471 0.98248 0.99596
0.95 0.6184 0.85078 1.0352 1.01744
0.99 0.5075 0.86316 1.2164 1.04060
0.995 0.490 1.324
0.999 0.495 1.582

*Computed from the Exact Boundary—Collocation Solution and the
Asymptotic Method-of-Reflection Solution.
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through a minimum with the increase of a/b from a/b=0
and then increases monotonically, and the particle can even
move faster than it would be at a/b = 0. This result indicates
that the effect of thermal enhancement, rather than that of
hydrodynamic resistance, can be overriding when the parti-
cle-wall gap thickness is small. An examination of the asymp-
totic formula for U/U,, in Eq. A20 also shows a good agree-
ment of the trend in Figure 6 with the analytical solution.
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Figure 6. Normalized thermophoretic mobility U/ U, of
a spherical particle migrating on the median
plane between two parallel plane walls (with
c = b) vs. separation parameter a/b for sev-
eral values of k*.

*=10.2. The solid curves

(a) C}=2Ck=0.02; ) C}=2C}

represent the case of insulated walls, and the dashed curves
denote the case of walls prescribed with the far-field tem-
perature distribution.

2292

September 2003 Vol. 49, No. 9

A careful comparison of the curves in Figure 6a for the
case of a slit with the corresponding curves in Figure 2a for
the case of a single wall reveals an interesting feature of the
boundary effect on thermophoresis of an aerosol sphere. The
presence of a second, identical, lateral plane wall, even at a
symmetric position with respect to the sphere against the first,
does not always enhance the wall effect on the ther-
mophoretic particle induced by the first plate only. This re-
sult reflects again the fact that the lateral wall can affect the
thermal driving force and the viscous drag force on a particle
in opposite directions. Each force is increased in its own
direction as the value of a/b turns small, but to a different
degree, for the case of thermophoretic motion of a particle in
a slit relative to that for the case of migration parallel to a
single plate. Thus, the net effect composed of these two op-
posite forces for the slit case is not necessarily to enhance
that for the case of a single wall.

Figure 7 shows the collocation results for the normalized
translational velocity U/U, and rotational velocity a{)/U, of
an aerosol sphere undergoing thermophoresis parallel to two
plane walls at various positions between them for the case
with k* =(1—-C#)"! and C}=2C¥=0.2. The dashed
curves (with a/b = constant) illustrate the effect of the posi-
tion of the second wall (at z = ¢) on the particle velocities for
various values of the relative sphere-to-first-wall spacing b/a.
The solid curves [with 2a/(b + c¢) = constant] indicate the
variation of the particle velocities as functions of the sphere
position at various values of the relative wall-to-wall spacing
(b+c)/2a. Asillustrated in Figure 7a, the net wall effect for
the given case is to reduce the thermophoretic mobility U/U,,
of the particle. At a constant value of 2a/(b + ¢), the parti-
cle experiences a minimum viscous drag force and has the
greatest translational velocity (without rotation) when it is lo-
cated midway between the two walls (with ¢ =b). The hy-
drodynamic drag increases, the translational velocity de-
creases, and the rotational velocity increases as the particle
approaches either of the walls (or the ratio b/Ab+c) de-
creases).

At a specified value of a/b for the thermophoretic particle
near a first lateral wall, the presence of a second plate is to
further reduce the translational and rotational velocities of
the particle, and the degree of this reduction increases mono-
tonically with a decrease in the relative distance between the
particle and the second plate (or with an increase in b/(b +
o).

On the other hand, for some cases such as the migration of
an aerosol sphere with a small value of k* parallel to two
insulated plane walls or with a large value of k™ parallel to
two plates prescribed with the far-field temperature distribu-
tion, as shown in Figure 8 for the latter case (k* =100), the
net wall effect can increase the thermophoretic mobility of
the particle relative to its isolated value (when the values of
C} and C} are small). At a fixed value of 2a/b +c) in
these cases, the normalized thermophoretic mobility of the
particle has a relatively small value, as it is located midway
between the two walls, where the particle experiences a mini-
mum effect of thermal enhancement, and becomes relatively
large when it approaches either of the walls (this dependence
is not graphically presented here for conciseness). At a given
value of a/b for the thermophoretic particle and the first
lateral plate, the effect induced by the presence of the sec-

AIChE Journal



1 I 1 I 1 I 1 l 1
1.00 —
0.90 —
v
U
0.80 —
08
\
. 2a/(b+c)=09 \ |
\
070 T I T I T I T I T
0.0 0.1 0.2 0.3 0.4 0.5
b/(b+c)
(@)
) | 1 | ) | 1 | \
0.25 -
0.15 —
.aQ
Uop
0.05 —
'0.05 T ' T l T I T I T
0.0 0.1 0.2 0.3 0.4 0.5
bi(b+c)
(b)

Figure 7. Normalized velocities of a spherical particle
undergoing thermophoresis parallel to two
plane walls vs. ratio b/(b +c) for Cj =2Cj},
=0.2 and k* =(1-C}) " with a/b and 2a/
(b + c) as parameters.

(a) Translational velocity U/U,; (b) rotational velocity aQ/U,,.

ond plate on the particle mobility is not necessarily a mono-
tonic function of its distance from the particle. Again, the
effect of variation in C;* (=2C}%) on the wall-corrected nor-
malized particle velocities U/U, and a{)/U, does not exhibit
a monotonic trend.

The collocation solution for the problem of sedimentation
of an aerosol sphere with a slip-flow surface parallel to two
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Figure 8. Normalized velocities of a spherical particle
undergoing thermophoresis parallel to two
plane walls vs. ratio b/(b + c) for the case of
Cf=2C}, k* =100, and a/b = 0.9 with C{ as
a parameter.

(a) Translational velocity U/U,; (b) rotational velocity a Q/U,.
The solid curves represent the case of insulated walls, and
the dashed curves denote the case of walls prescribed with
the far-field temperature distribution.

plane walls at an arbitrary position between them was also
obtained (Chen and Keh, 2003). Comparing that solution
with the present results, we still find that the wall effect on
thermophoresis in general is much weaker than that on sedi-
mentation.
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Conclusions

In this work, the exact numerical solutions and approxi-
mate analytical solutions for the steady thermophoretic mo-
tion of an aerosol sphere parallel to two infinite plane walls
at an arbitrary position between them have been obtained by
using the boundary—collocation technique and the method of
reflections, respectively. Both the cases of insulated walls
and of walls with the imposed far-field temperature gradient
were examined in the limit of vanishingly small Reynolds and
Peclet numbers. It has been found that the boundary effect
on the thermophoretic motion of a particle is quite compli-
cated. The thermophoretic mobility of a particle near a wall
is generally, but not necessarily, a monotonic decreasing
function of the separation parameter, a/b. When the value
of a/b is close to unity, the effect of a lateral wall can speed
up or slow down the particle velocity relative to its isolated
value depending on the value of the parameter k* of the
particle and the thermal boundary condition at the wall. This
behavior reflects the competition between the weak hydrody-
namic retardation exerted by the neighboring wall on the
particle migration and the possible, relatively strong ther-
mophoretic enhancement due to the thermal interaction be-
tween the particle and the lateral wall.
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Notation

a =radius of the particle, m
A =thermophoretic mobility defined by Eq. 3, m?-s~!-

K*l
A,,B,,C, =coefficients in Eq. 20 for the flow field, m"*!-s™1,
mn+3_sfl, mn+2_sfl

B = coefficient defined right after Eq. A8, m?-s~'-K™!
b,c =the respective distances from the particle center to
the two plates, m
C,,C, =dimensionless parameters defined right after Eq. A8
C,, =dimensionless coefficient accounting for the fric-
tional slip

Ck=C,l/a

C, =dimensionless coefficient accounting for the thermal
slip

C, =dimensionless coefficient accounting for the temper-
ature jump

C¥=C,l/a

D =dimensionless parameter defined right after Eq. A3
e,.e,,e. =unit vectors in rectangular coordinates
e,.e,,e, = unit vectors in spherical coordinates
E.=IVT K-m™!
G =dimensionless parameter defined right after Eq. A4
k =thermal conductivity of the fluid, W-m~'-K™!
k, =thermal conductivity of the particle, W-m~!-K~!
k* =k /k
! =mean free path of the gas molecules, m
P! =the associated Legendre function of order n and de-
gree one
r =radial spherical coordinate, m
R, =coefficients in Eqs. 11 and 13 for the temperature
_ field T, m"*?
R, =coefficlients in Eq. 12 for the temperature field 7},
m™" +
T =temperature field in the fluid, K
T, =temperature field inside the particle, K
T, =mean gas temperature in the vicinity of the particle,
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T, =prescribed temperature field defined by E(} 7, K
U,U =translational velocity of the particle, m-s™
U,,U, =thermophoretic velocity of an isolated particle de-
fined by Eq. 1, m-s™!
v =velocity field of the fluid, m-s™
x,y,z =rectangular coordinates, m

1

Greek letters
8 6@, 5 = functions of r and u defined by Eqs. B1-B3, m "~ 1,

m™" 72’ m™" -1
1 =viscosity of the fluid, kg-m~!s
0,¢ = angular spherical coordinates

A=a/b

n=cosf

p =radial cylindrical coordinate, m

p; =density of the fluid, kg-m™>
Q,({ =angular velocity of the particle, s~

-1

1

Subscripts and superscripts

p =particle
w =wall
(i) =the ith reflection
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Appendix A: Analysis of the Thermophoresis of
Spherical Particle Parallel to Plane Walls by
Method of Reflections

In this Appendix, we analyze the steady thermophoretic
motion of an aerosol sphere with the relative thermal con-
ductivity, k*, temperature jump coefficient, C;*, and fric-
tional slip coefficient, C};, either parallel to an infinite flat
wall (¢ » ) or on the median plane between two parallel
plates (¢ = b), as shown in Figure 1, by the method of reflec-
tions. The effect of the walls on the translational velocity U
and angular velocity £ of the particle is sought in expansions
of A, which equals a/b, the ratio of the particle radius to the
distance between the wall and the center of the particle.

Motion parallel to an infinite plane wall

For the problem of thermophoretic motion of a spherical
particle parallel to an insulated plane wall, the governing
equations (Egs. 4 and 15) must be solved by satisfying the
boundary conditions 5-7 and 16-18 with ¢ - . The
method-of-reflection solution consists of the following series,
whose terms depend on increasing powers of A

T=Ty~Ex+T"+TM+TP+TP+ - (Ala)
v=v"+ 0’ + 0P+ P + - (Alb)

where subscripts w and p represent the reflections from wall
and particle, respectively, and the superscript (i) denotes the
ith reflection from that surface. In these series, all the ex-
pansion sets of the corresponding temperature and velocity
for the fluid phase must satisfy Eqgs. 4a and 15. The advan-
tage of this method is that it is necessary to consider bound-
ary conditions associated with only one surface at a time.
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According to Eq. Al, the translational and angular veloci-
ties of the particle can also be expressed in the series form

U=Uje, +UD+U® + - (A2a)

0=0D+0®+ ... (A2b)
In these expressions, U, = AE, is the thermophoretic veloc-
ity of an identical particle suspended freely in the continuous
phase far from the wall given by Egs. 1 and 3; U® and Q)
are related to VT and v{” by (Keh and Chen, 1995)

’D
U(i)=—A[VTyﬁi)]()Jr["fvi)]o*‘aT[VZ”ff)]o (A3a)

QO =_[vxo?], (A3b)

N =

Here, D =(1+2C#*)"! and the subscript 0 to variables inside
brackets denotes evaluation at the position of the particle
center.

The solution for the first reflected fields from the particle
is

@y — _ 3.-2a:
T,’=—GE.a’r" “sinfcos ¢ (Ada)

1
vl = 5 Uya’r™>(2sin Bcos pe, —cosOcos de, +sin de,, )

(A4b)

where G =(1—k* + k*C})2+ k* +2k*C}¥)~'. Obviously,
—1<G <1/2, with the upper and lower bounds occurring at
the limits k* =0 and k* - (when C; < 1), respectively.
The velocity distribution shown in Eq. A4b is identical to the
irrotational flow surrounding a rigid sphere moving with ve-
locity Uje, .

The boundary conditions for the ith reflected fields from
the wall are derived from Egs. 6, 7, 17, and 18,

T aT"

T 0z 0z (AS2)

o = _ D (A5D)

" o ’ (A5c¢)

r—ow, z>—b: T, —0 (A5d)
v >0

The solution of T{" is obtained by applying complex
Fourier transforms on x and y in Eqs. 4a, ASa, and A5c
(taking i = 1), with the result

]*3/2

M =— GExa3x[x2 +y2+(z+2b)° (Ab6a)

This reflected temperature field can be interpreted as arising
from the reflection of the imposed field — E_e, from a ficti-
tious particle identical to the actual particle, its location be-
ing at the mirror-image position of the actual particle with
respect to the plane z=—b (that is, at x=0, y=0, z=
—2b). The solution for v{” can be found by fitting the
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boundary conditions Eqs. A5b and A5d with the general so-
lution to Eq. 15 established by Faxen (Happel and Brenner,
1983, p. 323), which results in

Uya®
o —

Y 4

foc fso ei(ax+ By)—k(z+2b)

x{—[2k(z+b)+1]iae,

2

—[2x(z+ b)—l](aTeer a—fey)}dadﬁ (A6b)

where k =(a?+ B3)Y? and i=v—1.

The contributions of T,V and v to the translational and
angular velocities of the particle are determined by using Eq.
A3

1
UO=—A[VL],_ = G Ue,  (ATR)

1
=— g(/\3 — DX)Ue, (ATb)
=0

Uh(l) =

2
w04 9P 20
w 6 w .,
1
v =y +U = [-(1-G)A + DA’ | Upe, (ATc)

[Vxo®] _, = —i/\“UOey

1) _
a Q) = r=0 16

(A7d)

R

Equation A7a shows that the reflected temperature field from
the insulated wall can increase (if G >0 or k* <(1—C*)™1)
or decrease (if G<0 or k*>(1—C¥)™!) the translational
velocity of the thermophoretic particle, while Eq. A7b indi-
cates that the reflected velocity field is to decrease this veloc-
ity; the net effect of the reflected fields is expressed by Eq.
ATc, which can enhance or retard the movement of the parti-
cle, depending on the combination of the values of G (or k*
and C*), D (or C¥), and A. When G=0 (or k*=(1—
C#)™1), the reflected temperature field makes no contribu-
tion to the thermophoretic velocity. Equation A7c indicates
that the wall correction to the translational velocity of the
thermophoretic particle is O(A), which is weaker than that
obtained for the corresponding sedimentation problem, in
which the leading boundary effect is O(A). Note that, when
the values of C* and C} are small, the necessary condition
for the wall enhancement on the thermophoretic motion to
occur is a small value of k* and a value of A close to unity
such that the relation DA’ > (1— G)A?® is warranted.
Equation A7d shows that the thermophoretic sphere ro-
tates about an axis that is perpendicular to the direction of
the applied gradient and parallel to the plane wall. The di-
rection of rotation is opposite to that which would occur if
the sphere were driven to move by a body force. Note that
the angular velocity Q" in Eq. A7d does not depend on the
parameters G and D (since v{" is not a function of G and
D). Also, the wall-induced angular velocity of the ther-
mophoretic particle is O(A*), which is the same in order as,
but different, in its coefficient (—3/16 vs. 3/32) from that of
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a rigid sphere moving under a body force field (Happel and
Brenner, 1983, p. 327).

The solution for the second reflected fields from the parti-
cle is

1
Tp(z) =— ng[ G\3a’r~2sinfcos ¢
+3GHA a*r3cosfsin cosp + O(X’a®)|  (A8a)

1
vf) Y U, [ZG/\3a3r’ 3(2sin fcos e, — cosOcos de,

B
+singe, ) + (48GZ +60C1) M*a?r~2cos@sin Ocos de,

+3C,A*a%r?(cos e, —cos Osin e, )

+0(Ma*,2%a)|  (A8D)

Here, H = al(l —k* +2k*Ct*), B = (SCSn/prTO)alaz(l +
2k*CF), C; = a,(1+2C¥), and C, =(1+3C¥)™!, with a; =
GB+2k* +6k*CF)" ! and a, =(1+5CH)~L

The boundary conditions for the second reflected fields
from the wall are obtained by substituting the results of Tp(z)
and v into Eq. A5, with which Egs. 4a and 15 can be solved
as before to yield

[vT]

1
S0 = [aGW + O(/\B)]Emex (A9a)

[v®] _, = _ L 4G 1+9E —45C, [2°
wilr=o 256 A :
+0(/\3)}U0ex (A9b)

The contribution of the second reflected fields to the transla-
tional and angular velocities of the particle is obtained by
combining Egs. A3 and A9, which gives

1 B
v ={_——|4G> —4G(1+9—) —45C,
256 A

A +0(/\8)}U0ex

(Al0a)

1 B
aQ®=| - ——[18G +72—G +90C, +15C, | A7
1,024 A

+ 0()&’)} Upe, (A10b)

The errors for U® and aQ® are O(A®) and O(X°), respec-
tively, because the O(A7) terms in the expansions of VT.(?
and v vanish at the position of the particle center.
Obviously, U® and «Q® will be O(A%) and O(A'?), re-
spectively. With the substitution of Egs. A7c, A7d, and A10
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into Eq. A2, the particle velocities can be expressed as U =
Ue, and Q = Qe, with

1 D
U=UO{1— g(l—G)/\B-i— g/\5

1 B
+—|4G*—4[1+9— |G -4 o+ 8 All
256[ G ( 9A)G SCl}A 0(/\)} (Alla)

3 1 B
Q=U,| - —A1*——[18G+72—G +90C, +15
¢ U"[ 16 1024( GH127G+0C, Cz)

X AT+ 0()\9)} (Al11b)

The particle migrates along the imposed temperature gradi-
ent at a rate that can increase or decrease as the particle
approaches the wall. Owing to the neglect of inertial effects,
the wall does not deflect the direction of thermophoresis.

For the case that a linear temperature profile is prescribed
on the plane wall that is consistent with the far-field distribu-
tion, namely, the boundary condition Eq. 6 is replaced by Eq.
8, the series expansions (Egs. Al and A2), the solution of
TV and vV in Eq. A4, and the boundary conditions for T,("
and »{” in Egs. ASb—A5d are still valid, while Eq. ASa be-
comes

z=—b: TP=-T" (A12)

With this change, it can be shown that the results of the fol-
lowing reflected fields and of the particle velocities are also
obtained from Eqs. A6—A11 by replacing G with — G. Thus,
contrary to the effect of an insulated plane wall, the reflected
temperature field from a parallel wall with the imposed far-
field temperature gradient reduces the translational velocity
of the particle if G> 0 or k* <(1—C})~! and enhances this
velocity if G <0 or k* >(1—C)~'. When G=0or k* =(1
—C¥)™!, the two types of plane wall will produce the same
effects (with no contribution from the reflected temperature
field) on the thermophoretic motion of the particle. Under
the condition that the values of C;* and C}; are small and the
values of k* and A are sufficiently large such that DA> > (1 +
G) A3, the net effect of a lateral plane wall prescribed with
the far-field temperature distribution can enhance the ther-
mophoretic migration of a particle.

Motion on the median plane between two parallel flat walls

For the problem of thermophoretic motion of a sphere on
the median plane between two insulated parallel plates, the
boundary conditions corresponding to governing Eqgs. 4a and
15 are given by Egs. 5-7 and 16-18 with ¢=b. But, the
angular velocity  of the particle vanishes now because of
the symmetry. With A=a/b <1, the series expansions of
the temperature, fluid velocity, and particle velocity given by
Egs. Al, A2a, and A4 remain valid here. From Egs. 6, 7, 17,
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and 18, the boundary conditions for 7.{? and v{” are found
to be

JiTy" . aT"

|z|=b: P Py (A13a)

o) — — (A13b)

v P (A13c)

romldsh 100 (A13d)
v >0

The first wall-reflected fields can be solved by the same
method as used for a single lateral plate in the previous sub-
section, with the results

GE.a® cosh(kz)
dadp

- i f“ L icaxs pyy— o SONKE)
e 27 ol w K sinh(kb)

(Al4a)

Upa® » o 1
v 2 ffoo‘[focsinh(sz)_sz

ei(ax+ﬁy)
X{[ — xzcosh(kz)+ (1+ g)sinh(kz)]ice,

+ [ kzsinh(kz)— gcosh(kz)]

a? apf
—e,+—e,| dadp
K K

(Al4b)

where k =(a?+ B2)Y? and g=«kb—e “’sinh(xb). The
contributions of 7" and v(" to the particle velocity are de-
termined using Eq. A3a, which leads to a result similar to
Eqgs. A7a-ATc

UY =d,GNUye, (Al152)

UV = —(d, )’ — d;DNV)Uge, (A15b)

UV =UD+U® =[~-(dy—d,G)N’ +d;DN’|Uye, (Al5c)

where

2

d, =/0 P 4p=0300514

pe Ty (Al162)

1 .= p?(p—e Psinhp)
~2J)y sinh(2p)-2p

d, dp=0417956 (Al6b)

1 = p?

d L dp=0338324
3 6-[0 sinh(2p)—2p" "

(Aléc)

Analogous to the previous case, the results of the second
reflections can be obtained as

T® = - E,[d,GNa’r sinfcos + O(Xa®)| (Al7a)
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U,
v = 70 [ d,GNa*r~3(2sinfcos e, — cosfcos pe,

+singe,) + O(X’a®)| (Al7b)

[VI2],_, = —[d}G2° + O(A®)| E.e, (Al8a)
[02],_, =]~ d1d,GA° + O(X*)|Upe,  (A18b)

and
U® =[—(dd,G—d}G*)A° +O(A*)|Upe, (A19)

Note that the A*a® and A%a* terms in the expressions for 7,*)
and vg) vanish. With the combination of Eqs. A2a, Al5c,
and A19, the particle velocity can be expressed as U= Ue,
with

U=U,[1-(d, - d,G)\* + d; DA’
—(dyd,G — d?G*)X°+0(A%)]  (A20)

For the case that the particle is undergoing thermophore-
sis on the median plane between two parallel plates on which
a linear temperature profile consistent with the far-field dis-
tribution is imposed, the boundary condition given by Eq. 6
should be replaced by Eq. 8. In this case, Egs. Al, A2a, A4,
and A13b—-A13d are still applicable, while Eq. A13a becomes

lzl=b: TV =- Tp(") (A21)
With this change, it can be shown that the results of the re-
flected fields and of the particle velocity are also obtained
from Eqs. A14-A20 by replacing G and d, by — G and d,,
respectively, where

2

- © P
d1=f0 ;7 dp = 0.225386

(A22)

Comparing Eq. A20 for the slit case with Eq. Alla for the
case of a single parallel plane, one can find that the wall
effects on the thermophoretic velocity of a particle in the two
cases are qualitatively similar. However, the assumption that
the result of the boundary effect for two walls can be ob-
tained by simple addition of the single-wall effects generally
gives a smaller correction to the thermophoretic velocity,
while for the corresponding sedimentation problem this ap-
proximation overestimates the wall correction.

Appendix B: Definitions of Some Functions in the
Second Section

The functions 8" with i =1, 2, and 3 in Eqs. 13, 14, and
21 are defined by

mjl(KP)

6(1) — 7n71P1 o _ m (% 1-
W) =R () = (=) [t

X[V, w(e)(sinh o) " (coshor )"

—b*V,, ,(— b)(sinhw)' ™" (coshw)™"|d  (B1)
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8P(r,u)=—(n+1)r"*Pl(n)
2—m
m © K
—(=m) jo sinhr{

[V, w(e)(sinh o)~ (coshor )"

Ji(kp)(1=p2)"”?

— b*V,, (— b)(sinhw)' " (coshw)”|
+11(kp) [ 2V, 1 () (coshar)' ™" (sinhor )"

~ bV, ,,(— b)(coshw)' " (sinhw)"] }dK (B2)

(1-p?)"”

P, (1)
8O(r,p)y=—r 12" 2
(75 l) o

Kzfm

J’
sinny i (kp)i

—(—n)mrfo

x [ €2V, (c)(sinha)' " (coshar)"

— b2V, (= b)(sinhw)' " (coshw)"]
= 1(xp) (1= 12) [V, p(c)(cosha)! " (sinh o )"
- b2V

n+m

(— b)(coshw)'~"(sinhw)"| }dK (B3)

Here
L @/m) 2 12 (gl
20 = Eo(—Z)"q!(n—Zq—l)!
XK, g-3p(xlzl) (B4)
oc=k(z+b), w=«k(z—c), T7=«k(b+c), (BSab,)

where J; is the Bessel function of the first kind of order one
and the prime on it denotes differentiation with respect to its
argument, K, is the modified Bessel function of the second
kind of order v, and the square bracket [v] denotes the largest
integer, which is less than or equal to v. In Eqs. B1-B3,
m =1 if Eq. 6 is used for the boundary condition of the tem-
perature field at the plane walls and m =0 if Eq. 8 is used.

The starred A4, B,, and C, functions in Eq. 21 are de-
fined by

A (roa) = (1= u2) (A, + ag)cos

+ (1= w2) (A, + a)sing + u( Ay + o) (Boa)
B (r.pm.¢) = (1- u?) (B, + B} )cos b

F(1-12) (By + B)sing + u(By + ) (B6b)
Ci(ramd) = (1= ) "(Cy + ;)eos

+(1-w2)(Cr+ 4 )sing + w(Cl +)")  (Bbe)

A (r,ps @) = p(A), + ag)cos b

+ (AL + al)sing — (1— pu2) P(A7 + o) (B6d)

B¥*(r,m,¢) = u(B,, + B,)cos¢

+ u(B)+ B)sing —(1- ) "(By + BY)  (Boe)
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C¥(r,m,d) = u(C, +v,)cos¢ CH*%(r,m,@) = —(C,, +v,)sing + (C; + vy, )cos¢p  (B61)

+ w(Cl o+ )sing — (1— p?) (Clr +)') (Bt
w(Cotysing = (1= %) (G +7) - (BOD) Here, the primed 4, B,, C,, «,, B,, and ¥, are functions of
A (r,u,d) = — (A, + a))sing + (A, + a; )cos ¢ (Bo6g) the position in Eq. 20.

Kk — 3
B;l: (r’/"L’d)) - (B;z + ﬁrlz)sm d’ + (BZ + ﬁ,’:)COS(f) (B6h) Manuscript received July 11, 2002, and revision received Feb. 24, 2003.
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